




































































































GenerativeFlow Maps An overview of themath and methods behind them
arXiv 2406 07507 and 250518825

Agendafor this talk
Introduce dynamical measure transport forgenerative modeling
Motivatethe flowmap as a computationallyefficient method

Illustrate how equations governing this map canbe used to
learn it and categorize the recentefforts made inthisdirection

Generative Modeling

Goal Estimate same unknown distribution with density P
through sample data x n p

Historical development

Measuretransport

What do we mean by measure transport and how can we can adapt

the equationsgoverning it to create more
understandable andperformanttools








































































































































MeasureTransport

Building maps between
distributions

Sample basedistributionYoup

Build a map T.MIL

Produce up via THo x

Xo x

Dynaminal MeasureTransport

This map can be constructed as thesolutionto a dynamical equation Imagine
that to continually evolves over time t eLo I to same x

P

ProbabilityflowODE

1 bt Xt yup
bt is a velocityfield which
defines how should instantanasty

Continuityequation
evoke

2 Off 0 btp 0 Pt P Equation governingtheevolutionof

Pt with bt








































































































































Learning b via flowmatching stochastic interpolants

To construct a Pt stothastically
combine to x via the interpolant

3 It ax α Btx xx play e.gg tt
then P Law It and by assoliated to 1 2 is given by

4 b It I x Expectation are p x x
conditional on It x

b can be learned our neuralnetworks by minimizing

15 Lili Exhibit 1 dt

Then use by coming from 5 to generate samples by numerically solving
1

Powerful But limitation Samplingrequires many evaluations of b tosolve i

How can we avoid this










































































































































The flowmap
Instead of solving i we may

be interested in learning
an arbitrary integrator for the equation in termsof a flowmap

X 4 6

Takes stepsofarbitrarysize t s along trajectoriesoftheprobability flow

Properties of the flow map

Semigroupproperty Xa Xsu x atD 7

Invertibility Xs X kt 8

Lagrangian eqn d Xs x Xt
p
b x btlxs.tw

IX x b Xs x 9









































































































 
 
 
 
 
 
 
 
 

Eulerian eqn Take a total derivativeof 8

I 4 4,17 8Xs im 04 14 k Xp hi O

un
Evaluate it at Xp y so that b Ack

AstH Ms x b x 0 lo

Tangent Condition
bin

bingo Xst A btw

Parameterizing the Flowmap

Choose Is A x It slight then wingID x b x

13Yet'earned
asanNN

Proposition If Xs is givenby1121 and Vstsatisfies i3

Lagrangian Eulerian consistency

DX x YtXs x f As.tk DX x b k 0 At tsuki X H

each characterize the flow map

Let's use them alongwith 1131 to learn Xs directly

BA C



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Flow maps via self distillation
Self distillation

Learntheflowmap on

ObjectiveFunction Learn 4,7 b on theoffdiagonal w ABC
the diagonalusing 5 or anycombination

Lsp5 bfi i 114

Example Lagrangian Self Distillation

Lb 1 fox 14 It I at Rewritingof 5 w Vtt

E Ex.LI s.fIs it X.ee
2

dealt PINNenforcing
A

others

LES F gxfldke.tl 7Xs.t Ic E I P dsdtPINNenfacingβ

L E t.ltEx.x lXlIc Xu XulI Jdudsdt Enforcing C



Connection w the literature Fixed point Page

Distillfrom a known velocity field bk

Et OsXs Is t belts 74s I
d

U Alignyourflaw
stopgradient on SabarFidlerKreis
these terms Thn 3.2 3.3

Take To gradientof objective

To's OsXs Is t stopgrand b I TX Ii

posts Is skits b Is 0,4 Is EulerianMapDistillation
with stopgrad

Thin 3.2 in AYF Papa

Shortcut Models is ProgressiveSelfDistillation

L I fifth.nl I lId Xu lIe.ulI71t dndsdt

ShatintModels

Front et al



Connection w Mean Flow Gang et al 2505.13447

Take the Eulerian Self Distillationterm again

min go.ms
5 diXs lIc Vss Is TXs.tlIal Halt

Plug in Xs t s rank whith means that some terms

mplify

dXs x VS.tk t t s d Us x

lug this into

5 Us Is t s dsUs Is Vss Is TX Is

Topgradthis
thenthegradient reads

whole term

ToVs Is Vs Ii t s d vs Isl Us Is TX Is

Expand the lastgradient Xs using thedefinitionof it
3 I It

ToVs Is Vs Ii t s d vs Isl Us f t s Us Is TV Is

Now because this is linear in Vis Is it canbe replacedwith Is'shere

ToUs Is Vs Ii t.lk sl us F A s EIs



And this means finally that terms inblue can be collected asday s

ToUs Is f Us Is t H s Us Is

Directly learning the flanmap solely in terms of
Ps



Why 14
Take derivativeof Pat pyx It plait dad

0 114 P f Sfx If pfxe.xldx.dk

T j T btf
wrenti

so by It Sfx Idea xldxodx
I Fx

S f x It Pig dxdx


